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Data analysis and entropy steered discrete filtering
for the numerical treatment of conservation laws

Thorsten Grahs*' and Thomas Sonar?

Institute for Analysis, Technical University of Braunschweig, Pockelsstr. 14,
D-38106 Braunschweig, Germany

SUMMARY

This paper describes the construction of a discrete filter algorithm for second-order oscillatory schemes
applied to scalar conservation laws in two space dimensions. Starting from a modification of the Lax—
Wendroft scheme proposed by LeVeque (Numer. Meth. Fluids 1993; 4:175; SIAM J. Numer. Anal.
1996; 33(2):627) we extend this algorithm with an anisotropic diffusion procedure in order to smooth
the spurious oscillations in the vicinity of a shock. To locate the regions identified with the discontinuity
we analyse the discrete data with the help of an indicator for entropy production origin from a discrete
entropy inequality. Copyright © 2002 John Wiley & Sons, Ltd.
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1. GOVERNING EQUATIONS

We consider a scalar hyperbolic conservation law in two dimensions
O+ 0 f(u) + 0yg(u) =0 (1)

where the fluxes f* and g are assumed to be differentiable. Independently of the smoothness
of the initial conditions discontinuities develop in general within a finite time so that weak
solutions u defined by

/(ua,cb + FW)a® + g(u)d, ) dxdydi =0

have to be considered. Here, w C R x R?, ®€ Cl(w) and ueL' NL>(w).
Weak solutions are not uniquely defined and an entropy condition is needed to single out
the physically relevant solution. (1) is augmented with the entropy inequality

om(u) + dp(u) + 6,p(u) <O (2)
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354 T. GRAHS AND T. SONAR

holding for all triples (1,1 ¢), where 5 is a convex function and  and ¢ are entropy fluxes
compatible in the following sense (see Reference [1] for details):

W) = /0 OO o) = /0 (&) de 3)

2. DATA ANALYSIS

As a discrete analogue of (2) we introduce the discrete entropy inequality

d 1 1

n

a1 O+ A Wiy = Vi) = 75 (R = 2ajm12) <O )

where 7 ;(¢) is the entropy located at a grid point and W ,,; and ¥}, ,, are numerical
entropy fluxes consistent with iy and ¢ in just the same sense as the numerical fluxes are
with f and g, see Reference [2].

In principle, one is free to choose arbitrary numerical entropy fluxes as long as they are con-
sistent with the original ones. However, it was shown in Reference [3] that certain pathologies
may occur if the discrete numerical entropy is treated differently from the numerical fluxes.
In our understanding every oscillation occurring in the numerical solution should violate the
discrete entropy inequality since there are jumps ‘in the wrong direction’ included. If the nu-
merical entropy fluxes are chosen without reference to the discretization of the numerical fluxes
schemes exhibiting hefty oscillations may satisfy a discrete entropy inequality, see Reference
[4]. Hence, we propose Lax-c consistent numerical fluxes as outlined in Reference [3]. If

p = SR+ D - Ol (Ul —UY)
is the numerical flux for f, then ¥ should be discretized as
Wy =5 W) — 20 (e — 1)
The numerical entropy dissipation 2 is derived from Q by replacing U”; by n;; and replacing
. by n.
LJ LJ

As already mentioned conservation laws obey an entropy equality. In smooth regions even
an entropy equality is fulfilled, i.e.

Om(u) + 0p(u) + Oyp(u) =0

If we look at the discretize model of the entropy inequality, we have
"I”+1 =n"- )LX(\IJI‘{IH/ZJ - ‘I’;iuz,j) - iy(‘pfjﬂ/z - ‘53171/2)

In the vicinity of discontinuities in the numerical solution for high-order methods, normally a
violation of this numerical entropy conditions will occur due to the oscillations at the shock
front. These both tasks are related, but in a highly non-trivial way.

So the unmodified Roe scheme [5] possesses the TVD property, but the limit solution allows
entropy violating shocks. On the other hand, the Lax—Wendroff fix by Majda and Osher [6]
produces still oscillations, but satisfies a discrete entropy inequality.
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Hence one sees that this is a difficult task, but nevertheless we assume regions where
the discrete entropy inequality is violated as region were one has to consider additional
dissipation.

So we define a so-called entropy production

n+1 n n+1
An”+1+ 1/]1] _’/Ii,j’ 171] >1/llj
0, else

(5)

We use this indicator in the following to distinct between regions where the solution is
smooth and regions with entropy production, where we have to add additional numerical
dissipation.

We remark, that maybe at rarefaction waves the indicator will add diffusion, but due to the
smoothness of the solution in this region this will be neglectable.

3. THE BASIC SCHEME

We consider conservative finite difference schemes as discrete models of conservation laws,
ie.

an,/(t): ( /2, T 1/21) ( i — Gli—ip) (6)
where FY,, ; and G4y denote numerlcal flux functions consistent with f and ¢ in the
sense of F(... ) f(u), G(... ..)=g¢g(u). As the basic scheme we use the Lax—
Wendroff scheme w1th the modlﬁcatlon proposed by LeVeque [7,8]. This scheme uses an
additional discretization of the cross fluxes where 4= ', B=y¢"

1
ABuy ~ EAB(A}JJI;LJ' + Axljl;l,j+1 + Axl],',j + Aylfl-,j+1)

1
~ g ATBT AU+ AT B AUy + A BYAU, + 4B AU ) ()

Here A* (resp. A~ ) represents a correction wave from the left (resp. right) while Bt (resp.
B7) represents information travelling upward (resp. downward) into the corresponding cell.
So the numerical fluxes read as follows:

Fipji=Fip, + %iFEJrl/Z,j
Fpgi=—(A B )i jm1pA i ji1 — (ATB7 )i 10t 1

—(A" B i1 jm 10Dyt — (ATBY )i jm1 0Dy

where FH, 12.; 1s the usual Lax—Wendroff flux for the right-cell face. The fluxes F;_15 j, Gi jy1/2,
Gj j—12 write in an adequate manner.
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If we look at the differences of the numerical flux functions, we can interprete the discretiza-
tion of the cross derivatives as an anisotropic diffusion with non-linear diffusion coefficients
AT, A=,B*,B™:

Fipj—Eoip,; = 0(A B 0,011 + 0(A" B QU )it 112
+0(A"B U i1, 412 + O(A"BTO,U )12, 112

éi,j+1/2 - éi,jfl/z ~ 0y (A” B~ 0 U )iv12,j41200(A" BT U )is12, -1

+0,(A*B~ 60U ) i1/, j+1200(ATBT AU )10, 1)

This is similar to a class of discrete filter algorithms from image processing (see References
[9, 10]), we have already interpreted as anisotropic diffusion filter in the context of numerical
treatment of conservation laws [11, 12].

So the question arises how to modify these correction to get an oscillation-free algorithm.
As already mentioned we use the discrete entropy inequality as an indicator, letting us know in
which regions we have to adjust the scheme. A scheme where we use the entropy production
(5) directly to construct a filter can be found in Reference [12].

4. THE DISCRETE FILTER

If we are going to write the discretization (6) in the form
1
Ut = Y culUsrjsn ()
Lk=—1

the original Lax—Wendroff scheme posses the following coefficients:
Ciyl,j: %i[M?+1/2,j —Ait12,]
iyt gAML g — Aici2y]
Cijett 3AABY 1 — Bl
Cijor: 3AABY 1y — Bijip]

Cij: 1 - Citl,j — Ci—1,j — Cij+1 — Cij—1

If we are taking the discretization of the cross derivates (7) into account, they are modified
in the following way:

Ciji=c¢ij+A (B~ =B )itp,; +AT (BT =B )i_ipn;
+B (A" —A" )i +BTAT —A7 )
Civrji=Cis1;+ A (BY =B )ipip,; —A By, jn A BL 1,
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Cimrji=cCimi;+A (BT =B )i_ipn,; —A+B,«+,1,j,1/2 +A*B_

i—1,j+1/2
Ei,j+1 = Cij+1 +Bi(A+ 7A7)i,j+1/2 7AiBi11/2’j+1 +A+B[:1/2,j+1

Cijo1=cCijo1 + BN (A" A ) jo1p—A"BLy +ATBL

Citjr1 i=Cip 1 T A By iy FATBL ) 50

—A'B”

. o e
Ci—t,j+1:=Ci1,jy1 —A" B R

i—1,j+1/2
. . [ . A= Rt _ A= Rt
Civt,j—1 1= Cit1,j-1 — 4 Bi+1,j—1/2 A Bi—l/2,j—l

=, . — . . +B+ A+B+
Cim1,j—1:=Ci—1,j—1 +4 112 T i—1/2,j—1

Thus, the observation is that the correction waves alter the coefficients of the original scheme
in the following way:

Cij =Cij
Citl,j < Citl,j Cit1,j41=0
Ci—1,j < Ci—1,)s Cit1,j—1=0
Ciji1 < Cijils Ci—1,11=0
Ci,j—1 < Cij—1, Ci—1,j—1=0

It is a well-known fact that a scheme written in form (8) is monotone if all coefficients ¢y,
are positive. With the help of an anisotropic diffusion algorithm we try to correct the scheme
in order to remove the spurious oscillations.

The diffusion filter is constructed in the following way: if the indicator (5) is different from
nil, i.e. indicates a region with entropy violating oscillations, we compute the sum of the
positive coefficients,

%" =max(0.0,C1,41)
+max(0.0, 11, j—1) + max(0.0,¢;—1 j4+1) +max(0.0,¢_1 ;1)
and the sum of the coefficients which are negative,
%~ = |min(0.0,¢; ;) + min(0.0,;41,;) + min(0.0,¢;—1 ;)
+min(0.0,¢; j+1) + min(0.0,¢; ;—1)|

The amount that we can distribute is characterized by the ratio that we want to distribute,
i.e. ¥, and that we can distribute, i.e. €. Since we do not want to create new negative
weights, we have to limit this ratio by unity. So the distribution ratio reads

Z:=min(1,4~/6")
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Thus the diffusion coefficients for the cross diffusion weights are
Ait1)2, j+1/2:=Cix 1,419 )]

The diffusion aligned with the main axes depends on the amount the central coefficient gains
from the corners. Thus we get

1/2
(gﬁ; = > Qi+ TGy
Lk=—1/2
and the sum of the coefficients which are negative,
(gl; = |m1n(00, EiJrl,j) + mln(OO, Eifl,j) + mln(OO, 5i,j+1 ) + mln(OO, E,‘,j,1 )|
The corresponding weights for the diffusion correction read
Ait1/2,;:=|min(0.0,Ci11,;)|Zij, @i j+12:=|min(0.0,¢; j+1)| %}, ; (10)

With the coefficients (9,10) we can write the resulting scheme as

1

UM = Uy + 3 Main (Ul = Ul — @i (U = Uy )
+ai,j+1/2(Ui,nj+1 -U) - aiﬂ.i—1/2(Ui,’_1/ B Uifi—l)

LJ

n n n n
+aivip 120Ul 0 — US) — aicipj—1p(US = ULy )

+aic12, 012U = Ul = aiy 120U = Ul 2] (11)
with
A At At
U.,=U" — A (Fiv12,) — Fic1p] — 7[@,#1/2 — Gij-1)] (12)

It is possible to write this in a more compact way, but to distinguish here between the filter
and the basic step, we use this extended notation.

It is necessary to remark, that since the discrete filter is data dependent, it will not be
monotone in every case. This is due to the fact, that we do not induce new numerical dissi-
pation but distribute the existing diffusion in an optimal way. So there may situations occur,
where it is not possible to make all coefficients of (8) positive. Due to this fact we consider
this scheme as quasi monotone.

5. NUMERICAL RESULTS

In this section, we present numerical results of the developed schemes (11), (12). The test case
we use is the initial value problem with fluxes f(u)= 0.5, g(u)=u and entropy n(u)=0.5u>

1.5, x=0

—25x+15 y=0
ux30=19 1

0, else
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We compute the solution on a Cartesian grid with 50 x 50 points with CFL-number chosen
to 1. The boundary condition on the upper side of the unit square are determined through
simple extrapolation. The exact solution consist of constant regions to the left and the right,
connected by a fan-like continuous wave which develops into a discontinuity (see Reference
[12] for details). See Plates 1 and 2.

# cells h L'-error Order of accuracy
25 0.04 0.00541324 1.62
50 0.02 0.00191419 1.60
100 0.01 0.00067484 1.59

6. CONCLUSION

We have presented a data dependent discrete filter for oscillatory numerical schemes for
conservation laws. The algorithm is not full monotone in the sense that the scheme is really
positive, but it reduces the oscillation in the vicinity of discontinuities in a suitable manner.
The constructed filter can be classified as an anisotropic diffusion filter known from image
processing.

Further work will be necessary to clarify the question whether this algorithm can be ex-
tended to systems of conservation laws, namely the Euler equations.

REFERENCES

—_

. Godlewski E, Raviart P-A. Hyperbolic Systems of Conservation Laws. Ellipses: Paris, 1991.

2. Tadmor E. Numerical viscosity and the entropy condition for conservative difference schemes. Mathematics of
Computation 1984; 43:369-381.

3. Sonar Th. Entropy production in second-order three-point schemes. Numerische Mathematik 1992; 62:371-390.

4. Tadmor E. The numerical viscosity of entropy stable schemes for systems of conservation laws i. Mathematics
of Computation 1987; 49:91-103.

5. Roe PL. Approximate Riemann solvers, parameter vectors, and difference schemes. Journal of Computational
Physics 1981; 43:357-372.

6. Majda A, Osher S. Numerical viscosity and the entropy condition. Communication in Pure and Applied
Mathematics 1979; 32:797-838.

7. LeVeque RJ. Simplified multi-dimensional flux limiter methods. In Numerical Methods for Fluid Dynamics,
Baines MJ, Morton KW (eds). vol. 4. Oxford University Press: Oxford, 1993; 175-190.

8. LeVeque RJ. High-resolution conservative algorithms for advection in incompressible flow. SIAM Journal of
Numerical Analysis 1996; 33(2):627-665.

9. Perona P, Malik J. Scale space and edge detection using anisotropic diffusion. JEEE Transactions on Pattern
Analysis and Machine Intelligence 1990; 12:629-639.

10. Weickert J. Anisotropic Diffusion in Image Processing. Teubner: Stuttgart, 1998.

11. Grahs Th, Meister A, Sonar Th. Image processing for numerical approximations of conservation laws: nonlinear
anisotropic artificial dissipation. SIAM Journal on Scientific Computing 2002; 23:1439-1455.

12. Grahs Th, Sonar Th. Entropy controlled artificial anisotropic diffusion for the numerical solution of conservation

laws based on algorithms from image processing. Journal of Visual Communication and Image Representation

2002; 13:1-19.

Copyright © 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 40:353-359



Oprom wrD®

|

)

©06_oooo

[SEIOFS

N

R e
LR
LR

A
)
A

T

5
&

5
\
S
N
N
N

SR
X0
25255

LK
00000 )
(52

5

N

50
G
038

T
S
\
O
X3
>

2R
2
2
2%

O BRNCONRO® RO

N
LR
05 RN
%wx&%%v&&«“
-1 R

iy
i

.
b
%

i

#

[SERIO NN SEN-Y

L RIS
0 R =
RIS g
05 SSsa =
SSs =
-1 R
RN
15 RN
=1 - B e e
e
=== =
= ==

Plate 2. Steady-state
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solution of the test problem.
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